We prove that a planar graph is generically rigid in the plane if and only if it can be embedded as a pseudo-triangulation. This generalizes the main result of [4] which treats the minimally generically rigid case.
Introduction
The study of pseudo-triangulations in the plane was initiated recently [1, 10] , but it is rapidly becoming a standard topic in Computational Geometry. In this paper we explore the relationship between combinatorial pseudo-triangulations and rigidity, continuing the program established in [4, 9, 11, 12] . While generic rigidity is a purely combinatorial concept, we want to emphasize that pseudo-triangulations also belong naturally to geometric combinatorics. Our main result, Theorem 1, provides a missing link between planarity and rigidity in geometric graph theory. Recall that a plane graph is a graph together with a given (non-crossing) topological embedding in the plane. Theorem 1. For a plane graph G, the following conditions are equivalent:
(1) G is generically rigid.
(2) G can be stretched to become a pseudo-triangulation of its vertex set with the given topological embedding.
It is interesting to observe that property (1) is a property of the underlying (abstract) graph, while property (2) in principle depends on the embedding. As a consequence, our result in particular implies that pseudo-triangulation stretchability of a plane graph is independent of the embedding.
pseudo-triangulations and rigidity
Let A be a finite point set in the Euclidean plane, in general position. A pseudotriangle in the plane is a simple polygon with exactly three convex angles. A Work of D. Orden pseudo-triangulation of A is a geometric (i.e., with straight edges) non-crossing graph with vertex set A, containing the convex hull edges of A and in which every bounded region is a pseudo-triangle. A vertex v in a geometric graph G is called pointed if all the edges of G lie in a half-plane supported at v or, equivalently, if one of the angles incident to v is greater than 180 • .
Recall that a graph is generically rigid in the plane, see [3] or [13] , if any generically embedded bar and joint framework corresponding to the graph has no nontrivial infinitesimal motions. Generic rigidity is a property of the graph, and not of any particular embedding. In fact, edge-minimal generically rigid graphs on a given number n of vertices are characterized by Laman's Condition: they have exactly 2n − 3 edges and every subset of k vertices spans a subgraph with at most 2k − 3 edges, see [5] . Generically rigid graphs with |E| = 2n − 3 are also known as Laman graphs.
The connection between rigidity and pseudo-triangulations was first pointed out in Streinu's seminal paper [12] where it is proved that the graphs of pointed pseudotriangulations are minimally generically rigid graphs, i.e. Laman graphs. In [4] it was shown that a graph G has a realization as a pointed pseudo-triangulation in the plane if and only if the graph is a planar Laman graph. The following theorem in [9] extends Streinu's result to planar rigid graphs and relates the number of non-pointed vertices to the degree to which a planar rigid graph is overbraced .
Theorem 2. Let G be the graph of a pseudo-triangulation of a planar point set in general position. Then:
(1) G is infinitesimally rigid, hence rigid and generically rigid.
(2) Every subset of x non-pointed plus y pointed vertices of G, with x + y ≥ 2, spans a subgraph with at most 3x + 2y − 3 edges.
Property (2) will be crucial in our proof of Theorem 1. We call it the generalized Laman condition of pseudo-triangulations because it restricts to the Laman condition if the pseudo-triangulation is pointed. Observe, however, that it is not a property of the graph, but a property of the specific straight-line embedding of it.
Combinatorial pseudo-triangulations in the plane
We now consider a combinatorial analog of pseudo-triangulation. Let G be a plane graph. We call angles of G the pairs of consecutive edges in the vertex rotations corresponding to the embedding. By a labelling of angles of G we mean an assignment of "big" or "small" to every angle of G. Such a labelling is called a combinatorial pseudo-triangulation labelling (or CPT-labelling, for short) if every bounded face has exactly three angles labelled "small", all the angles in the unbounded face are labelled "big", and no vertex is incident to more than one "big" angle.
The embedded graph G together with a CPT-labelling of its angles is called a combinatorial pseudo-triangulation, or CPT. In figures we will indicate the large angles by an arc near the vertex between the edge pair. Figure 1 shows two graphs with large angles labelled. The one in the left is not a CPT, because the exterior face has three small angles. Figure 1b is a CPT, consisting of three real triangles and a hexagonal pseudo-triangle. If possible we shall draw large angles larger than 180 • and small ones as angles smaller than 180 • and edges as straight non-crossing a.
b. c. segments, but it has to be observed that this is sometimes not possible, since there are non-stretchable CPT's, such as the one in Figure 1c .
Following the terminology of true pseudo-triangulations we say the interior faces of a CPT are pseudo-triangles with the three small angles joined by three pseudoedges. As in the geometric case, a vertex is called pointed if there is a big angle incident to it and the CPT is called pointed if this happens at every vertex, see Figure 1b . The following result and its proof, a straightforward counting argument using Euler's formula, are completely analogous to the geometric situation. Lemma 1. Every combinatorial pseudo-triangulation in the plane with x nonpointed and y pointed vertices has exactly 3x + 2y − 3 edges.
We recall here the main result of [4] : Theorem 3. Given a plane graph G, the following conditions are equivalent:
(i) G is generically minimally rigid (isostatic), (ii) G satisfies Laman's condition, (iii) G can be labelled as a pointed CPT.
(iv) G can be stretched to a pointed pseudo-triangulation preserving the given topological embedding.
We say that a combinatorial pseudo-triangulation G has the generalized Laman property or is generalized Laman if every subset of x non-pointed plus y pointed vertices, with x + y ≥ 2, induces a subgraph with at most 3x + 2y − 3 edges.
It is easy to show that this condition is equivalent to requiring that every subset of x ′ non-pointed plus y ′ pointed vertices of G, with x ′ + y ′ ≤ n − 2 be incident to at least 2y ′ + 3x ′ edges. Indeed, using Lemma 1, x ′′ plus y ′′ vertices satisfy the condition in the definition of generalized Laman if and only if the cardinalities, x ′ and y ′ , of the complementary sets of vertices satisfy this reformulated one. With this reformulation, it is evident that the generalized Laman condition forbids vertices of degree 1 and implies that vertices of degree 2 are pointed. Moreover, any edge cutset separating the graph into two components, each containing more than a single vertex has cardinality at least 3. We will also frequently use the following lemma, which says that the generalized Laman condition implies generic rigidity.
Lemma 2. Let G be a plane graph on n vertices and e edges with a CPT labelling satisfying the generalized Laman condition. Then G is generically rigid.
Proof. If there is a vertex of valence 2 then an easy relabelling gives the result by induction.
Let n = x + y, where x and y are the number of non-pointed and pointed vertices respectively. Note that y ≥ 3, because the outside face has at least three vertices. Therefore, as long as x ≥ 1, there is an edge with one pointed and one non-pointed endpoint. Removing such an edge and relabelling the merged small angles at the non-pointed endpoint as big, and labelling the merged angles at the pointed endpoint big or small depending on whether one of the angles to be merged is big or not, yields a graph with a generalized Laman CPT. Proceeding in this manner until all vertices are pointed produces a Laman graph.
The following is a more detailed formulation of our main result, Theorem 1.
Theorem 4. Given a plane graph G, the following conditions are equivalent:
(i) G is generically rigid, (ii) G contains a spanning Laman subgraph, (iii) G can be labelled as a CPT with the generalized Laman property.
(iv) G can be stretched as a pseudo-triangulation (with the given embedding).
The equivalence of (i) and (ii) is Laman's theorem and the fact that (i) and (iii) follow from (iv) is Theorem 2. We will prove (ii)⇒(iii) (Section 4) and (iii)⇒(iv) (Section 5).
Note that having the generalized Laman property is not superfluous in the statement, even for pointed CPT's. Figure 2a shows a combinatorial pointed pseudoa.
b. triangulation which is not Laman, since it is not rigid, because the three link chain has a motion, or, equivalently, because the six outermost vertices span ten edges. It is also not true that every rigid CPT has the generalized Laman property, as Figure 2b shows, because the eight pointed vertices span fourteen edges.
If we do not require the generalized Laman property, it is easy to show that every rigid graph possesses a CPT labelling. One can start with a minimally rigid subgraph, which has a CPPT labelling, and then insert edges while only relabelling angles of the subdivided face. For details see [7] . At each step one pointed vertex must be sacrificed. It is not clear how to preserve the generalized Laman condition in this process, even though one starts out with a Laman graph. In the next section we show that this can be done.
Obtaining Generalized Laman CPT-labellings
Theorem 5. The angles of a rigid plane graph can be labelled so that the labelling is a CPT satisfying the generalized Laman condition. Proof. We proceed by induction on the number n of vertices. As base case n = 3 suffices. Let G be a rigid graph on n + 1 vertices.
If G has an isostatic spanning subgraph with a vertex v of degree 2, we can remove v and use the induction hypothesis on G − v, which is rigid. The face f of G − v in which we want to place v has three small angles, which we will indicate in the diagram for f by small triangles, see Figure 3a . If v has degree k ≥ 2 in G, the face f is subdivided into k faces and we need 3k small angles in these new faces, so at most 3 neighbors of v retain their pointedness, in which case v is non-pointed, see Figure 3b , in which the vertices which retain their pointedness are circled, and new small angles are indicated by a dot.
If v is forced to be pointed, e.g. if all three of the small angles inherited from the angle assignment of G − v occur along ∂f between consecutive neighbors of v, then only two neighbors of v remain (non)-pointed, all others change from pointed to non-pointed and the generalized Laman condition is satisfied, see Figure 4 . If there is no isostatic subgraph of G with a vertex of degree 2, then there is a vertex v whose removal leaves a degree of freedom 1 graph G − v, which is restored to rigidity by addition of an edge e between two of the neighbors of v. We use the induction hypothesis on G − v + e. Now there are all together six small angles along f , the face in G − v in which we want to place v. Let v 1 , v 2 , . . . , v k be the neighbors of v as they occur in circular order around ∂f . Again we need 3k small angles for the k faces into which f is subdivided. From the induction hypothesis applied to G − v + e, we inherit 6 small angles and, since G has 2k − 2 more angles than G − v + e, at least k − 4 neighbors of v must be re-labelled from big to small, and at most 4 can retain their labelling as large angles. If v is to be pointed, then 3 of its neighbors retain their labelling, while if v is non-pointed then four of them do. In order to show that the generalized Laman condition is satisfied, we need to show, by Lemma 2, that the neighbors of v that retain their labelling are not all contained in a rigid subgraph of G, which is immediate if the two endpoints of e both are unchanged in their pointedness status. This is certainly the case if the labelling on G − v + e has 4 small angles at e, see Figure 5 . It might happen that one or even both endpoints of e must lose their pointedness under the labelling inherited from G − v + e. Since the rigidity of G − v is restored by any edge e that connects vertices of different rigid components of G−v, there are several choices for e. We want to choose an e = (v i , v j ) such that i − j is minimized. If i − j = 1, then either one or the other endpoint of e retains its pointedness status. If the generalized Laman condition is violated by either choice, both endpoints of e must be in the same rigid component, contradicting the choice of e.
If i − j = 2 is best possible for the choice of e, this means that the vertices v i are partitioned along f into subsets of cardinality greater than 1. Vertices of one set belong to the same rigid component of G − v, and there must be at least four components, and consecutive components intersect in one of the v i . So under these conditions i − j = 2 means that the rigid component containing v i = v j+2 and the rigid component containing v j are intersecting in v j+1 . If v must be pointed and the neighbors of v that retain their pointedness status v x , v y and v j+1 are contained in a rigid subgraph of G − v (thus violating generalized Laman), then G − v is rigid if there are only four rigid components along f , since the union of rigid subgraphs that intersect in two or more vertices is rigid, a contradiction, or there are more than four components along f . In this case we change the choice of e to an edge connecting the rigid component containing v x and v y to an incident component under the same minimality conditions. Either we now can successfully extend the labelling or we might face the same difficulty as before and again can identify three of the v ′ i s as members of a rigid subgraph of G − v. Note that, again, these three vertices are not consecutive in the order along f , in fact, the gap must be at least 2. We proceed and keep track of identified rigid subgraphs. After all choices of e are exhausted, we have, in the worst case a matching of rigid components along f with a vertex at least three components apart. We now use two-connectivity of rigid components together with planarity of G to show that G − v is rigid, contradicting our assumption.
Generalized Laman CPT's can be stretched
Here we prove the implication (iii)⇒(iv) of Theorem 4. Our proof is based on a partial result contained in Section 5 of [4] . To state that result we need to introduce the concept of corners of a subgraph.
Let G = (V, E) be a CPT. Since G comes (at least topologically) embedded in the plane, we have an embedding of every subgraph of G. If H is such a subgraph, every angle in H is a union of one or more angles of G. Also, H comes with a well-defined outer face, namely the region containing the outer face of G. We say that a vertex v of H incident to the outer face is a corner of H if either (1) v is pointed in G and its big angle is contained in the outer face of H, or (2) v is non-pointed in G and it has two or more consecutive small angles contained in the outer face of H. The following statement is Lemma 5.2 in [4] :
subgraph of a CPT and suppose that it is connected and contains all the edges interior to its boundary cycle (that is to say, H is the graph of a simply connected subcomplex of G).
Let e, x, y and b denote the numbers of edges, non-pointed vertices, pointed vertices and length of the boundary cycle in S, respectively. Then, the number c 1 of corners of the first type (big angles in the outer boundary) of H equals
We say that a CPT has non-degenerate faces if the edges incident to every face form a simple closed cycle. The following statement is part of Theorem 5.4 of [4]: Theorem 6. For a combinatorial pseudo-triangulation G with non-degenerate faces the following properties are equivalent:
(i) G can be stretched to become a pseudo-triangulation with the given assignment of angles. (ii) Every subgraph of G with at least three vertices has at least three corners.
Hence, in this section we only need to prove that: Theorem 7. Let G be a generalized Laman CPT. Then:
1. Faces of G are non-degenerate. 2. Every subgraph H of G has at least 3 corners. Hence, G can be stretched.
Proof. 1. Every face in a plane graph has a well-defined contour cycle. What we need to prove is that no edge appears twice in the cycle. For the outer face this is obvious, since all angles in it are big: a repeated edge in the cycle would produce two big angles at each of its end-points. Hence, assume that there is a repeated edge a in the contour cycle of a pseudo-triangle of G. This implies that G \ a has two components, "one inside the other". Let us call H the interior component. We will show that the set of vertices of H violates the reformulated generalized Laman property.
Indeed, let f and e be the number of bounded faces and edges of F . Let x and y be the numbers of non-pointed and pointed vertices in it. The number of edges incident to the component is e + 1 (for the edge a). Hence, the generalized Laman property says that: e + 1 ≥ 3x + 2y.
In the other hand, twice the number of edges of H equals the number of angles of G incident to H minus one (because the removal of the edge a merges two angles into one). The number of small angles is at least 3f and the number of big angles is exactly y. Hence, 2e + 1 ≥ 3f + y. Adding these two equations we get 3e + 2 ≥ 3f + 3y + 3x, which violates Euler's formula e + 1 = f + y + x.
2. Observe first that there is no loss of generality in assuming that H is connected (if it is not, the statement applies to each connected component and the number of corners of H is the sum of corners of its components) and that H contains all the edges of G interior to its boundary cycle (because these edges are irrelevant to the concept of corner). We claim further that there is no loss of generality in assuming that the boundary cycle of H is non-degenerate. Indeed, if H has an edge a that appears twice in its boundary cycle, its removal creates two connected components H 1 and H 2 , whose numbers of vertices we denote v 1 and v 2 . We claim that each H i contributes at least min{v i , 2} corners to H. Indeed, if v i is 1 or 2, then all vertices of H i are corners in H. If v i ≥ 3, then H i has at least three corners and all but perhaps one are corners in H. Hence, H has at least min{v 1 , 2} + min{v 2 , 2} ≥ min{v 1 + v 2 , 3} corners, as desired.
Hence, we assume that H consists of a simple closed cycle plus all the edges of G interior to it.
Let y, x, e, and b be the numbers of pointed vertices, non-pointed vertices, edges and boundary vertices of H, respectively. Let V be the set of vertices of H which are either interior to H or boundary vertices, but not corners. V consists of x + y − c 1 − c 2 vertices, where c 1 and c 2 are the corners of type 1 and 2 of S, respectively. Hence, the rephrased Laman property of a rigidity circuit implies that the number of edges incident to V is at least
(Remark: V certainly does not contain the corners of the whole CPT, whose number is at least three. This guarantees that we can apply the rephrased Laman condition to V ).
On the other hand, the edges incident to V are the e − b interior edges of S plus at most two edges per each boundary non-corner vertex. Hence,
or, equivalently,
Using Lemma 3 this gives c 1 + c 2 ≥ 3. Corollary 1. The following properties are equivalent for a combinatorial pseudotriangulation G:
(i) G can be stretched to become a pseudo-triangulation (with the given assignment of angles). (ii) G has the generalized Laman property. (iii) G has non-degenerate faces and every subgraph of G with at least three vertices has at least three corners.
Proof. The implications (i)⇒(ii), (ii)⇒(iii), and (iii)⇒(i), are, respectively, Theorems 2, 7 and 6.
To these three equivalences, Theorem 5.4 of [4] adds a fourth one: that a certain auxiliary graph constructed from G is 3-connected in a directed sense. That property was actually the key to the proof of (iii)⇒(i), in which the stretching of G is obtained using a directed version of Tutte's Theorem that 3-connected planar graphs can be embedded with convex faces.
A remarkable application of our results is the study of planar rigidity cycles. These are redundantly rigid graphs such that the removal of any edge leaves a minimally rigid graph. They can, by our results, be realized as pseudotriangulations with exactly one non-pointed vertex. Rigidity cycles, or Laman cycles, have the nice property that the number of faces equals the number of vertices and that the geometric dual is also a Laman cycle, see [2] . In [8] we show that if C is a planar Laman cycle, then both C and its geometric dual C * have a realization as a pseudo-triangulation using the same direction for corresponding edges in the graph and the dual, by using techniques developed here and Maxwell's classical theory of reciprocal diagrams [6] .
pseudo-triangulations on closed surfaces
Let G be a graph embedded on some closed surface of genus g. If the surface is geometrized, say the sphere, and the embedding is sufficiently regular, say C 2 , then there is a well defined angle which can be associated with each pair of consecutive edges incident at a vertex and, of course, the sum of the angles around one vertex will be 360 • . Similarly to the situation in the plane, a pseudo-triangulation of the surface is a graph embedding with geodesic arcs in which every face has exactly three angles smaller than 180 • . A combinatorial pseudo-triangulation is a (topological) embedding together with an assignment of "big" and "small" to angles such that every face has exactly three small angles and every vertex has at most one big angle. One difference with the plane situation is that now there is no distinguished "outer" face. Proposition 1. Let G be embedded on a surface S of genus g. If G possesses a pointed combinatorial pseudo-triangular assignment then the number e of edges of G and the number n of vertices of G must satisfy e = 2n − 6 + 6g if S is orientable and e = 2n − 6 + 3g if S is not orientable.
Proof. The number of angles equals twice the number of edges. If every vertex is pointed, there are 2e − n small angles. The number of small angles equals three times the number of faces, f , which together with Euler's formula n− e + f = 2 − 2g in the orientable case, or n − e + f = 2 − g in the non-orientable case yields the desired relationship between n and e.
Note that if G is a triangulation of the surface S, then G trivially has a combinatorial pseudo-triangular assignment, by labelling all angles "small", and in this case e = 3n − 6 + 6g, i.e. G has n edges more than a pointed combinatorial pseudo-triangulation.
Moreover, from any triangulation we can arrive at a pointed combinatorial pseudo-triangulation by the removal of n edges: In the triangulation every angle is labelled small. Remove one edge and label one of the merged angles big, the other small. While there are non-pointed vertices remaining, delete an edge with at least one non-pointed end-point and label "big" the two angles merged at that end-point; at the other end-point, label "small" if both angles were small and label "big" otherwise. We can insure connectivity by choosing a spanning tree T and only removing edges not in T . Should all edges e not in T have both endpoints pointed we consider the path in T connecting the endpoints of e. If there is an edge along that path with one pointed and one non-pointed vertex, we replace T by T − f + e and proceed.
When considering a geometric realization of combinatorial pseudo-triangulations, it is naturally of interest to realize the embedding with all edges as geodesics all "small" angles realized as less than 180 • and all "large" angles realized as exactly 180 • . In this case the pseudo-triangles are actual triangles, although the complex is not a triangulation since it is not regular. In Figure 6 there is a pseudo-triangulation of the sphere by a triangular prism in which one of the triangles comprises the lower hemisphere. In Figure 7 we see the well known embedding of the graph of Figure 6 . A pointed pseudo-triangulation of the sphere by the triangular prism. the octahedron into the torus with all square faces, In Figure 8 we have modified Figure 7 . The octahedron as a square tiling of the torus. this construction to embed the octahedron as a pointed pseudo-triangulation of the torus.
It is not clear when a combinatorial pseudo-triangulation is geometrically realizable.
Of course, given an embedded graph, the conditions given in Proposition 1 are not sufficient to guarantee the existence of a combinatorial pseudo-triangular assignment. We propose the study of existence as well as geometric realization questions of pseudo-triangulations on the sphere and surfaces of higher genus. 
